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Abstract. Examples of SL(2,Z) actions on differential graded categories are de- 
fined and explored. 



1. Introduction 

The study of topological field theories leads to an interest in group actions on cate- 
gories. In some formulations, the codimension 2 portion of an n -dimensional topo- 
logical field theory associates to each oriented (n— 2) -manifold S a differential graded 
category V^T,) , 

upon which the mapping class group of the manifold r(S) acts by functors Fg : 
©(E) V{J:) for g E r(S). For discussion see plITT]. 

It is believed that there are many examples of such topological field theories when 
n = 4. In particular, there should be many examples of dg categories supporting 
actions of mapping class groups of surfaces. Unfortunately, while there are a number 
of braid group representations of this type |2l [131 [13 CH], there are few examples of 
such mapping class group representations for surfaces of genus greater than zero (for 
an exception, see [H]). Ideally, one would like a body of examples to draw upon 
when investigating a new phenomenon. 

This paper presents a novel means by which some categories associated to the Kho- 
vanov homology of knots and links can be used to produce differential graded cate- 
gories which are representations of the modular group SL(2,Z); the mapping class 
group of the torus. 

In section |2| definitions related to knot homology, group actions and differential 
graded categories are recalled. In section [3| we review necessary information about 
braid groups and mapping class groups. In section |4| we produce a countable family of 
categories TZn,k supporting SL(2,Z) actions. Section |5] explores the simplest example. 

2. Algebraic Background 

In this section we collect some background information which is necessary to un- 
derstand the remainder of the paper. We begin by defining the differential graded 
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categories Kom*(n) and recall the existence of certain idempotent chain complexes 
Pn,k within Kom* (n) . The definition of a group action on a dg category and the 
definition of the orbit construction in the theory of dg categories are also given. 

2.1. Cobordisms. Dror Bar-Natan's graphical formulation of the Khovanov cat- 
egorification [11] [T2] consists of a series of categories Cob(n) and Kom(n). The 
construction in section |4] will take place within categories related to Kom(n) . These 
categories are essentially the same as those appearing in [HI E] with the exception 
that we adopt the grading convention appearing in Rozansky |16] . 

There is a pre-additive category Pre-Cob(?2) whose objects are isotopy classes of 
formally Z-graded 1-manifolds with 2n boundary points. There is a functor 

q : Pre-Cob(r2) — )■ Pre-Cob(r;,) 

which increases the grading of all objects by one. The morphisms of the category 
Pre-Cob(?T,) are given by linear combinations of isotopy classes of orientable cobor- 
disms. The internal degree of a cobordism C : q^A — > q^B is given by 

deg(C) = deg^(C) + deg,(C) 

where the topological degree deg^(C) = x{C) — n is given by the Euler characteristic 
of C and the g-degree degg(C) = j—i is given by the relative difference in g-gradings. 

We impose the relations implied by the requirement that 

= g0©g"^0 

using maps of internal degree zero (see j3]). In doing so, we obtain a new category 
Cob(n) as a quotient of the additive closure Mat(Pre-Cob(n)) of Pre-Cob(n). There 
is a composition 

(g) : Cob(n) X Cob(n) — )■ Cob(n) 
obtained by gluing of cobordisms. 

Denote by Pre-Kom(?7,) the category Cob(n) with an additional |Z-grading t and 
let Kom(r2) be the category of convolutions in Pre-Kom(n) . The objects of Kom(n) 
are chain complexes 

(©jZ)j, dij) 

with Di G Pre-Kom(n) and dy : Di — )■ Dj . The matrix d = (dij) must be lower 
triangular and square to zero. Each complex is required to be bounded below in 
sufficiently negative degree and possess finitely many terms in any given (t^^q)- 
degree. 
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Associated to a crossing is the complex, 




This definition extends to yield a chain complex in Kom(n) for each framed (n, n)- 
tangle. Any two chain complexes associated to tangles which differ by Reidemeister 
moves 2 or 3 are homotopy equivalent. The first Reidemeister move results in a 
degree shift, see property |2] below. 

The Grothendieck group Ko(Kom(n)) is defined by the requirement that Ko(q') = —q 
and Ko(t2) = . When this is done, the skein relation above becomes the Kauffman 
bracket. 

Each category Kom(n) can be extended to form a differential graded category Kom*(n) 
which has the same objects as Kom(n) , but morphisms are given by allowing maps of 
all homological degrees. If / G Hom™(A, B) is a map of homological degree m then 
d{f) = [d, f] e Hom™^^(y4, 5) . Thus, each collection }iom*(A,B) of morphisms is 
a chain complex and the differential ci is a derivation with respect to composition of 
maps. 

2.2. Projectors. In [6^, V. Krushkal and the author defined a special idempotent 
element P„ G Kom(n) which categorified the Jones- Wenzl projector. See also [9t .15j. 

Theorem 2.3. There exists a chain complex Pn G Kom(r2) called the universal 
projector which satisfies 

(1) Pn is positively graded with differential having internal degree zero. 

(2) The identity diagram appears only in homological degree zero and only once. 

(3) The chain complex Pn is contractible under turnbacks. 

These three properties characterize Pn uniquely up to homotopy. 

In a more recent paper M. Hogancamp and the author constructed a series of 
objects Pn^k G Kom(n) where k = n,n — 2,n — 4, . . . ,n (mod 2) . These higher order 
projectors are characterized uniquely up to homotopy by properties analogous to 
those mentioned in the theorem above, see section 10 of [7]. 

If the projector P„ ^ is represented by a box then it satisfies the two properties below. 
Property 1. (drags through tangles) 
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Property 2. (absorbs twists) 



ti'^^/ X and V ^ t-'^'\-'' 




Note that it is necessary for the skein relation to be the one defined in section |2.1 
for these degree shifts to accurate. When n = 1 and k = 1 the second property 
determines the grading shift associated to the first Reidemeister move. 

2.4. Group Actions On Categories. If G is a group and C is a differential graded 
category then an action of G on C is a homotopy homomorphism from the group G 
to the monoid of dg functors from C to C. 

: G — 7- End(C) and (f{a ■ b) ~ ip{a) o (^(6) 

If G = {S : R) is a presentation for G then a group action is obtained by specifying 
functors Fg, F^-i : C ^ C for each generator s G S", and homotopy equivalences 

Fs,oFs^o---o Fs,^ ^ Fs'^ O O ■ ■ ■ O Fs'^^ 

whenever the words SiS2 - ■ ■ and s'^Sg ■ ■ ■ s\j coincide by virtue of the relations in 
R. 

Such actions are sometimes called weak. An action is strong when the equivalences 
associated to applications of the relations are uniquely determined. 

In a different language, a stratification of EG is a presentation for an oo -category in 
which all morphisms are equivalences. A weak action on C is a functor defined on the 
2-skeleton: EG^'^^ — )■ End(C) . An action is strong if it satisfies coherence relations 
which correspond to attaching maps in a choice of basis for 7r^(EG^'^^) . 

We will only prove that the actions defined here are weak. 

2.5. Orbit Categories. Suppose that C is a differential graded category and F : 
C — i- C is an auto-equivalence. The dg orbit category C/F has the same objects as 
the category C. Given any two objects X and Y in C the morphisms from A to F 
are given by 

Homc/F(A, Y) = colimp Home (F" A, FW), 

n>0 



see [To]. One composes two maps f : Y ^ F'^Z and g : X ^ F^Y by first shifting 
/ by the appropriate power of F , (F^f) o g . 

There is a functor it : C C/F which is universal with respect to the equivalence, 

TT o F ^ vr. 



We will denote objects of C/F by ttA where A G C; the functor F being understood 
from context. 
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Example. If C is a dg subcategory of Kom*(n) which is closed under degree shifts 
then each object has both a t-grading and a g-grading and there is a functor 



t^'q^' -.C^C 



which shifts the t -grading and g-grading by and M respectively. The relation 
above implies that F acts by identity on the orbit category, 

ttF{X) ~ nX or t^nX ~ q-^'nX. 

The second equation holds because the functors t and q commute with q^'^ . If F 
has this form and C is monoidal then C/F is monoidal. 

The proof of the main theorem found in section |4] shows that the modular group 
relations hold in a certain category Vn,k up to the application of a translation functor 



Sk- The equation in example 2.5 above will imply that the modular group acts on 



the associated orbit category 7^n,fc = 'Pn,k/Sk- 



3. Braid groups and the modular group 



In this section we recall the relationship between the braid group B3 and the modular 
group PSL(2,Z). Notation established here will be used later. 



3.1. Braid groups. If Dn is the closed disk with n punctures then the braid group 
B„ on n strands is the mapping class group 

B„ = 7ro(Difr+(D„,9)). 

Alternatively, if Config^(D^) is the configuration space of n distinct points in the 
unit disk then the braid group B„ is the fundamental group, 

B„ = 7ri(Config„(L'^),xo), 

see [1, 8j. Each loop 7 G B„ can be viewed as a braid in three space and each 
such braid can be represented by a diagram consisting of a sequence of crossings 
o'i, 1 < i < n. When = 3, a presentation for the braid group in terms of these 
generators is given by 



B3 = (0-1,0-2 : 0-10-20-1 = 0-20-10-2). 
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3.2. Modular groups. The modular group SL(2,Z) is the group of 2 x 2 matrices 
with integer coefficients and determinant 1 , 

SL(2, Z) = I ^ ^ : a,b,c,d G Z and ad — be = 1 1 . 

It is also the mapping class group of the torus T, see j8]. If J G SL(2, Z) is the 
identity matrix then the center Z(SL(2,Z)) C SL(2,Z) is the subgroup {/, — /} and 
the projective modular group PSL(2,Z) is defined by the quotient 

PSL(2,Z) = SL(2,Z)/{/,-/}. 

Choosing representatives for {/, — /} yields a Z/2 action on the torus with the quo- 
tient, Si = T / (Z/2) , the four punctured sphere. The group PSL(2, Z) is the mapping 
class group of Si- 

It can be shown that PSL(2,Z) is isomorphic to the free product Z/2 * Z/3, or 
equivalently, 

PSL(2,Z) ^ (a,6 : = l,^^ = i). 

3.3. Relating B3 and PSL(2, Z) . Denote by g„ the braid 

For instance, 



Multiplying g„ by itself n times produces the full twist, Tn = q^. The equation, 

aiTn = Tn(Ji for i = 1, . . . , n - 1, 

is proven by dragging cTj through from the bottom of T„ to the top of T„. It 
follows that T„ is contained in the center Z(B„) C B„ of the braid group. In fact, 
(T„) = Z(B„,), see [5]. When n = 3, the following proposition tells us that the 
quotient B„ / (T„) is related to the modular group. 

Proposition 3.4. The quotient of B3 hy the subgroup generated by the full twist T3 
is isomorphic to the projective modular group PSL(2,Z). 

B3/(T3)=PSL(2,Z) 

Proof. If we set a = OiO^Ox and b = OiO^ then 
B3/(T3) = (ai,a2 : a^a^ox = (y2cria2,T^ = 1) = (a,6 : = l,^^ = 1) ^ PSL(2,Z). 

□ 

The groups B,„ / (T„) are always related to mapping class groups of punctured spheres, 
see section 4.2 of pj. 
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4. The Construction 

In this section we construct sequences of dg categories, 

7ln,k where n > 0, k = n,n — 2,n — 4, . . . ,n(mod2), 



and prove that each category supports an action of the modular group. We begin by 
defining categories Vn,k as extensions of Kom*(3n) from section 2.1 The categories 
TZn,k are obtained from Vn,k using the orbit category construction of section |2.5| In 



theorem 4.4 below it is shown that there exists an action of the group PSL(2, Z) on 
each category 7ln,k ■ This induces an action of the modular group on TZn,k ■ 

The first step is to define a chain complex En,k consisting of a composition of pro- 
jectors. 

Definition 4.1. {E^.k) Suppose that P„fc is the higher order projector of let 

En,k = {Pn,k U Pn,k U Pn,k) ® Pzn,k- 

In terms of pictures, 




where the top row consists of three parallel Pn^k projectors and the bottom row is a 
single P^n,k- 

Definition 4.2. {Vn,k) The category Vn,k C Kom*(3?T,) is the image of the functor 

- ® En,k ■ 

Alternatively, Vn,k is the full dg subcategory of Kom*(3?2) consisting to objects which 
are homotopy equivalent to those of the form C (8> En,k ■ 

Each object in the category Vn,k is bigraded. One can shift either the t-degree of 
the chain complex or g -degree of each object using the functors or q. There is a 
shift functor 

Sk ■■ Vn,k Vn,k where Sk = t''\^^. 
In particular, if C G Vn,k is a chain complex then the shift functor satisfies 
deg,(5,(C)) = deg,(C) + and deg^(5,(C)) = deg^(C) + 2k. 

These numbers are determined by property [2] in section |2.2[ 

The categories TZn,k are obtained from the categories Vn,k by requiring the shift 
functor Sk to act by identity. 
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Definition 4.3. {TZn,k) The differential graded category TZn,k is tlie orbit category 
of the shift functor Sk acting on Vn,k ■ 

T^n,k "Prijk / ^k 

Theorem 4.4. The group PSL(2,Z) acts on the category TZn,k- 



we 



Proof. Using the presentation PSL(2,Z) = {a,b : a"^ = l,b^ = 1) of section 3.2 
wiU construct a homotopy homomorphism 

PSL(2, Z) End(7^„,fe) where g ^ Fg. 

Associated to the generators a and b are the chain complexes determined by the 
tangles 



and b 




where each line represents an n-cabled strand. There are functors, Fa, Ft : TZn,k ^ 
TZn,k, given by tensoring on the left. To the identity element 1 G PSL(2,Z), we 
associate the functor Fi where 1 is the diagram consisting of 3n vertical strands. For 
inverses, and b^^ , we use the functors Fa and Fb^t ■ To a word w-w' & (a, b) , we 
associate the functor FyjO F'^. In this manner, we obtain a functor Fg : TZn,k T^n,k 
for each word g G (a, b) . 

We proceed by checking that the relations = 1 and b^ = 1 hold. Since the braids 
and b^ are both full twists with some framing dependency, it suffices to check that 
this full twist is homotopy equivalent to the identity object in TZn,k- 

Consider what happens when the tangles or b^ are glued onto En,k- As framed 
tangles, the full twist is isotopic to the tangle pictured on the right below. 




Using the relations of section [2| we can move the small Pn^k projectors to the top 
and absorb the top twists. 
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1 h 




Using the bottom Psn^k to absorb the middle twist leaves us with 



-1 



The last equality follows because of the cyclic grading in Tln,k ■ We have shown that 
the relations = 1 and = 1 hold up to homotopy. □ 

Several variations in the choices made above also yield PSL(2, Z) representations. 
For instance, we could have instead chosen to associate to a^^ and b^^ the functors 
Fa-i and Fb-i . In the same spirit, one could act using under-crossings instead of 
over-crossings. 

Remark. A special case of the theorem applies to the subcategories )Cn = Kom* {n, n, n, n) 
of Kom*(4n) (see section 6 of [6]). Objects in /C„ are homotopy equivalent to con- 
volutions of chain complexes of the form. 



(4.1) 



where D is a disjoint union of intervals interfacing between four projectors. Reducing 
the grading so that s„ acts by identity gives a new category /Cn/^n and, after fixing 
one projector, we can act on the other three by n-cabled strands as in the proof 
above. 

The category /C„ is analogous to the vector space assigned to the four punctured 
sphere Si by SU(2) Chern-Simons theory. The quotient, T Sl, described in 
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section 3.2, allows one to identify the SU(2) skein space for Sf with the S0(3) skein 
space for the torus at level r = 2(n + 1) . 



Spin networks of the form (4.1) correspond to Uq5[(2)-equivariant maps from the 
nth irreducible representation Vn to V^^. The dimension of this space is n + 1. 



dim Hom 



U,0l(2) 



n + 1 



Theorem 6.1 of [6j implies that dimKo(/C„) = n + 1 and so we view the categories 
JCn/Sn as a sequence of representations of increasing complexity. Similar observations 
hold for the other categories mentioned above. 

The corollary below notes that the above theorem defines representations of the 
modular group SL(2,Z) via pullback. 

Corollary 4.5. The group SL(2,Z) acts on the category TZn,k- 

Proof. To each x G SL(2,Z) associate the functor -^^(x) defined in the proof of the 
theorem where tt : SL(2,Z) — )■ PSL(2,Z) is the homomorphism. □ 

The decomposition of Kom*(n) with respect to the central object T„ is an ingredient 
above. Each higher order projector P„ ^ corresponds to a different eigenvalue, or 
"frequency," of the full twist T„ (see property |2] section 2.2). In \7j, each object 



X G Kom*(n) is shown to admit a decomposition in terms of these projectors. This 
implies that all objects are convolutions of complexes which respect the eigenvalue 
decomposition of the full twist. The Postnikov decomposition acts as a kind of Fourier 
transform. Passing to an orbit category removes some frequencies from consideration 
by introducing a periodicity. 



5. A Concrete Example 

In this section we consider the case when n = 1 and k = 1. We compare our 
categorical representation to a C -vector space representation. The shorthand, E = 
Ei^i , V = Vi^i , s = Si and IZ = TZi^i , will be used. 

We begin by considering the category Kom*(3). The objects of Kom*(3) are chain 
complexes of objects 





which we denote by 13,61,62,6162 and 6261 respectively. 
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According to definition 4^ in section |4| the category V consists of objects of the 
form X ® E where X G Kom*(3) and E is the higher order projector Ps,!. From 
[HI [7], the projector P^^i is the chain complex {P^^i^d) where 



n>0 

and the differential is given by 



(ei © 62) © t^"g^"'^(eie2 © 6361), 



d 



E B 
D C 



The maps in d are determined up to sign by the requirements in theorem 2.3 section 



2.2 and are given explicitly in section 4.2 of [6j. 



For each X G Pre-Cob(3), thought of as an object in Kom*(3), we have 

X ® P. I = 



X ifX^ls 



so that the category V can be thought of as the subcategory consisting of chain 
complexes which do not include the identity object I3. 

In order to define the representation of PSL(2, Z) = B3 / (T3) , the chain complexes, 



Si 



and 5*2 



are associated to the generators 0"i,(J2 G B3. Tensoring on the left, X 1— )■ Si ^ X , 
allows us to define two functors Fi, F2 : V ^ V . By setting Fa = Fi o F2 o Fi and 
Fb = Fi o F2, the proof of theorem |4.4 section |4] shows that the functors F satisfy 
the relations necessary for a PSL(2,Z) action up to an application of s. 

By passing to the orbit of s, we obtain the category TZ which satisfies, Ob(7^) = 
Ob(P) and 

Hom7e(X,r) = 05™ Hom*(X, y). 

m>0 

If TT : P — > 7^ is the canonical projection then vr o 5 ~ vr implies that TZ supports an 
action of PSL(2,Z). 

The Grothendieck group Kq{V) is spanned by the four objects 61,62,6162 and 6261. 
Using the convention that Ko(q') = —q, Ko(t2) = q2 ^ the functors Fi and F2 yield 
matrices 



12 



BENJAMIN COOPER 



[^1 



3 

q 2 





1 

q 2 








1 

q2 














1 

q2 








1 

q 2 





-9" 



/ 1 

/ q2 



and [F2 











\ 



— g2 q 
q~2 —q2 




q-2 J 



In order to satisfy the relation tt o 5 ~ tt, we proceed by setting q = e 3' and, in 
doing so, obtain a vector space 

comparable to the representation TZ. The matrices a = [Fi] [F2] [Fi] and 6 = [Fi][F2] 
are given by. 



/ 1 \ 

1 

10 

y 1 y 



and b 



( 


1 








-1 



-q \ 

1 

-q-^ 

y 



These matrices define a PSL(2,Z) action on R. A computation shows that the 
relations [-Fi]^ = 1 and [-^2]^ = 1 are also satisfied and so our representation factors 
through a smaller group, 

G = {cri,a2 : = CTg = l,criO"20"i = 0"20"i0'2)- 

So R is not a faithful representation of PSL(2,Z). On the other hand, the chain 
complexes P3 1 and F^^ (g) P3 1 are unlikely to be homotopy equivalent. 
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